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Linear Regression

» Additive model: We assume that the output (random) variable Y follows a linear model:
Y=10(X;B)+e=00+ i Xi+ BoXo+ -+ BpXp+ ¢

where:

> the input (random) variable is drawn from a known distribution X ~ fx
> the coefficients o, 51, ..., B, are deterministic (but unknown) coefficients
» the measurement noise follows a distribution ¢ ~ f;

» Joint PDF fxy: Notice that the additive model induces a joint PDF

fxy (x,y) = fy|x (yIx) fx (x)
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Linear Regression (cont.)

» Linear Regression Problem:
> Given a training dataset Dy, = {(x,-,y,-)},{\l:1 consisting of N independent samples

(xi, yi) ~ fxy ~ ~
» Estimate values for the unknown coefficients 8o, 51, . .., 5, denoted by Bo, 51, .., Bp
» Once we have these estimates, we can make a prediction about the output variable
corresponding to a new input x = [x1,...,x,]", as follows

)7=fL<X;B) :Bo+31X1+32X2+"'+Epo

where B: [B\O,Bl, .. ,BP]T
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Linear Regression (cont.)

» To find the vector of estimated coefficients B = {Bo, 3\1, e ,Bp} T from

Dy, = {(x,-,y,-)}ll.V:l, we solve the following optimization problem:

—argmlnz i — fu(x; 0 )2

where 6 = [0g, 01, ...,0,]" and the term e; = y; — fi (x;;0) is called the i-th residual. The
summation above is called the Residual Sum of Squares (RSS).
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Linear Regression (cont.)

» We can write the above equation in matrix form as

B = argmin|ly — Mx0|*

where
1 X1 xi2 0 Xx1p n
1 X1 X2 -+ Xop Y2
Mx = | . ) : ) , and y =
1 xy1 xn2 -0 Xnp YN

> The solution to the above optimization problem is given by (without proof)

B = (MEMx) ™" My
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Linear Regression: Univariate Case

» For the particular case p = 1, our training dataset is given by Dy, = {(x;,y,-)};\l:1 and the
linear regression takes the form:

~ o~

Y = Bo+ X

where B; = % and Bp =y — BiX with y = %Z,{Vﬂ% and X = %Z,{Vzlx,-

Given data and regression function

Input X
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