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Linear Regression 

I Additive model: We assume that the output (random) variable Y follows a linear model: 

Y = fL (X; β) + ε = β0 + β1X1 + β2X2 + · · · + βpXp + ε 

where: 
I the input (random) variable is drawn from a known distribution X ∼ fX 
I the coeÿcients β0, β1, . . . , βp are deterministic (but unknown) coeÿcients 
I the measurement noise follows a distribution ε ∼ fε 

I Joint PDF fXY : Notice that the additive model induces a joint PDF 

fXY (x, y) = fY |X (y |x) fX (x) 
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Linear Regression (cont.) 

I Linear Regression Problem: 
I Given a training dataset NDTr = {(xi , yi )}i  = N 1 consisting of independent samples 

(xi , yi ) ∼ fXY 

I Estimate values for the unknown coeÿcients  β0, β1, . . . , β b b b
p denoted by β0, β1, . . . , βp 

I Once we have these estimates, we can make a prediction about the output variable 
corresponding to a new input x = [x , . . . , x ]|1 p  , as follows � � 

yb = f ; βb b b b b 
L x = β0 + β1x1 + β2x2 + · · · + βpxp 

where
h ib b b b |

   β = β0, β1, . . . , βp 
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Linear Regression (cont.) 

I 

h ib |
To find the vector of estimated coeÿcients  β =  βb b0, β1, . . . , βbp from 

NDTr = {(xi , yi )}i=1, we solve the following optimization problem: 

XNb 2
β = arg min (yi − fL (xi ; θ)) 

θ 
i=1 

where θ = [θ0, θ1, . . . , θp]
| and the term ei = yi − fL (xi ; θ) is called the i-th residual. The 

summation above is called the Residual Sum of Squares (RSS). 
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Linear Regression (cont.) 

I We can write the above equation in matrix form as 

βb= arg min ky − 2 MX θk
θ 

where ⎡ ⎤ ⎡ ⎤
1 x1,1 x1,2 · · · x1,p y1 ⎢⎢ 1 x2,1 x2,2 · · · x2,p ⎥ ⎢ ⎥⎥ ⎢ y2 ⎥

MX = ⎢ . . . . . ⎥ and y = ⎢ . ⎥⎣ . . . . . . . . . . . ⎦ ⎣ . ⎦ 

1 xN,1 xN,2 · · · xN,p yN 

I The solution to the above optimization problem is given by (without proof) 

  −1 
βb= (M|

X M
|

X ) MX y 
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Linear Regression: Univariate Case 
I For the particular case   1, our training dataset is given by   Np = DTr = {(xi , yi )}i  =1 and the 

linear regression takes the form: 
Yb = βb0 + βb1X1 

where
P P Pb N b b  i = (xi −x)(yi −y) 1 and    1 N 1 N

β  = P1 N 2 β0 = y − β1x with y = i =  yi and x = 
(x  −x) N 1 N i =1 xi 

i =1 i
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